Abstract -We propose a system made of three quantum harmonic oscillators as a compact quantum engine for producing mechanical work. The three oscillators play respectively the role of the hot bath, the working medium and the cold bath. The working medium performs an Otto cycle during which its frequency is changed and it is sequentially coupled to each of the two other oscillators. As the two environments are finite, the lifetime of the machine is finite and after a number of cycles it stops working and needs to be reset. Remarkably, we show that this machine can extract more than 90% of the available energy during 70 cycles. Differently from usually investigated infinite-reservoir configurations, this machine allows the protection of induced quantum correlations and we analyse the entanglement and quantum discord generated during the strokes. Interestingly, we show that high work generation is always accompanied by large quantum correlations. Our predictions can be useful for energy management at the nanoscale, and can be relevant for experiments with trapped ions and experiments with light in integrated optical circuits.
Introduction. -The recent renewed interest in quantum aspects of out-of-equilibrium thermodynamics [1] [2] [3] [4] [5] [6] has triggered an intensive research program to design and realise thermal engines whose working substance is a quantum system . Most of the proposals employ a few qubits or quantum harmonic oscillators as the working substance but a few works explore the possibility of using quantum many-body systems [31] . The interest in quantum thermal engines has received a huge thrust thanks to the experimental realisation of prototypes with trapped ions [32, 33] and solid state devices [34, 35] . A remarkable open problem is whether quantum effects, such as coherence, entanglement or more general quantum correlations like discord, improve the engines' performance compared to their classical counterparts. A unified response to the question is still lacking as many of the results found in the literature are model dependent.
In all these proposals, the hot and cold environments required for the functioning of the machine are assumed to be infinite although not necessarily in equilibrium. In this work, we challenge this paradigm and consider a compact quantum engine made entirely of three quantum harmonic oscillators (see Fig. 1(a) ). One of them, the working substance, interacts sequentially with each of the other oscillators, acting as the hot and cold reservoirs, and is subject to a compression and expansion stage, thus realising the Otto cycle. Contrary to a recent proposal employing a few qubits subject to dephasing for the hot and cold reservoir [29] , the time evolution of our three-oscillator engine is always unitary. Thermalisation of quantum systems in contact to finite structured environments has been discussed in the past [36, 37] . The modelling of open quantum system dynamics in the presence of a small environment used as a calorimeter has been studied in Ref. [38] .
In our model, due to the finiteness and harmonicity of the environments, the working substance does not thermalise in the isochoric strokes and does not evolve in a perfect cyclic fashion. Nevertheless, we show in the following that our harmonic engine is capable of performing many cycles and producing more than 90% of the maxi- 1. compression, its frequency is changed from ω3 to ω1 > ω3; 2. heating, it is coupled resonantly to the hot oscillator; 3. expansion, its frequency is changed from ω1 to ω3; 4. cooling, it is coupled resonantly to the cold oscillator. (b) Proposed experimental setup of the system utilising optical circuits. Frequency changes and oscillator interactions are performed via optical frequency shifters and evanescent coupling fields respectively. mum extractable work. An important consequence of the finiteness of the reservoirs is that the working substance becomes and remains quantum correlated with the reservoirs as we show using entanglement negativity and quantum discord, which we analyse using initial thermal and squeezed states. Our engine is self-contained and can be embedded in a larger quantum system without the need of controlled external reservoirs. Thanks to the simplicity of the model, which can be solved exactly, we believe that our engine could be implemented in any experiment with controlled quantum harmonic oscillators as, for example, trapped ions or optical modes (see Fig. 1(b) ). Detailed discussion of these experimental proposals follow.
Model. -We consider three quantum harmonic oscillators of equal mass m and frequency ω i subject to the local Hamiltonians H ii = mω The total Hamiltonian is a quadratic form of the oscillators' positions and momenta: H = 3 ij=1 H ij = 6 α,β=1 h αβ R α R β , with R = {x 1 , x 2 , x 3 , p 1 , p 2 , p 3 }. As a consequence, the state of the three oscillators is always Gaussian and can be fully characterised by the covariance matrix σ, with elements: σ αβ = 1/2 R α R β + R β R α − R α R β . The time evolution of the covariance matrix is governed by the Lyapunov equation:
where A = Ωh and Ω αβ = −i[R α , R β ].
The cycle. -We study the Otto cycle, described by two isentropic and two isochoric processes, or strokes. In our finite environment model oscillators 1, 2 and 3 play the role of the hot environment, the working medium and the cold environment respectively. The frequencies of oscillators 1 and 3 are constant in time ω 1 > ω 3 , while the frequency of the second oscillator is changed in time during the compression/expansion strokes between ω 1 and ω 3 . Initially all couplings are zero, α ij = 0.
Using the notation E
2i,f to denote the energy of the second oscillator at either the initial or final time of the stroke s, and noticing that E , the Otto cycle can be described as follows (see Fig. 1 3 )t/τ comp . The work done on the system during this stroke is defined as W 1 = E (2) 2i − E (1) 2i .
Heating:
The first and second oscillators are suddenly coupled for a time τ H with coupling constant α 12 = 0, transferring energy between them. The energy transferred in this stroke is Q 1 = E
2i − E
2i .
Expansion:
The frequency of the second oscillator is reduced back to ω 3 : ω 
2f .
The evolution of the covariance matrix during each stroke can be calculated analytically. For the heating and p-2 cooling strokes, when two oscillators are coupled, the evolution operators can be computed by performing a Bogoliubov transformation from the local coupled modes to the normal uncoupled modes. For the schedule we are considering the evolution operators for the compression and expansion strokes can be expressed in terms of Airy functions [39] . Details are provided in the Supplementary Material. Two extreme cases, the instantaneous change of frequency and the very slow ramp, are particularly simple and we will discuss them in detail in the next section. According to our definition negative work means extracted/produced and negative heat means absorbed by the working medium.
Contrary to conventional engines, at the end of the Otto cycle it is not guaranteed that the second oscillator has returned to its initial state, so the energy balance dictated by the first law reads: W 1 + W 2 = Q 1 + Q 2 + ∆U , where ∆U = E (4) 2f − E (1) 2i is the variation of the internal energy of the second oscillator in each cycle. Although at each cycle the amount of work generated and heat exchanged might be different, we define a cycle efficiency as the ratio of the work W = W 1 + W 2 produced in one cycle plus the variation of the internal energy ∆U and the heat absorbed from the two environmental oscillators: η = max(0, −W + ∆U )
Thus, the machine has a positive efficiency if it produces work or if it accumulates energy in the working medium (like a battery) to be used in a subsequent cycle. Thanks to the energy balance 0 ≤ η ≤ 1 and η = 1 when both Q 1 and Q 2 are negative, i.e. no heat is released. In the standard case with infinite reservoirs Q 1 < 0 and Q 2 > 0 we obtain the more common formula: η = 1 − Q 2 /|Q 1 |. Looking at the whole system of three quantum oscillators as a driven system initially in a non passive state (the product of local thermal passive states is not necessarily passive), we can assess the performance of the process by looking at the ratio of the work done, if any, and the ergotropy ε, which we compute numerically [40, 41] . Erogotropy is described as the maximum amount of work that can be extracted from a quantum system through a unitary operation. Briefly, consider the initial state of a system ρ i = j q j |q j q j | with Hamiltonian H = j j | j j | where we assume the ordering q j ≥ q j+1 and j ≤ j+1 . With this ordering, the least energetic state that can be obtained with a unitary operation can be written as ρ f = j q j | j j |. The ergotropy can then be defined as the work extracted in the process:
One cycle. -We start our analysis with the case in which the interactions between the oscillators are very small thus mimicking the weak coupling regime of open quantum systems. In this regime we can expand all our expressions up to second order in α ij τ H,C . We start with the case in which the compression/expansion strokes are instantaneous. We also assume that the second and third oscillator are initially thermalised (β 2 = β 3 ) for thermal states or have the same initial squeezing parameter (r 2 = r 3 ) for squeezed states. Under these assumptions the total work obtained after one cycle for thermal states is given by: 
where for ease of notation we have written c i = coth (β i ω i /2). The equivalent expression for initially squeezed states is given by: 
In order for work to be extracted, we require Eqs. (4, 5) to be negative. In the limit of zero initial temperature (similarly zero squeezing) in oscillators two and three, the special case we will consider here, the following inequality must be satisfied:
where X = coth (β 1 ω 1 /2) for initially thermal states and X = e 2r1 for initially squeezed states. This inequality holds for sufficiently large temperatures T 1 or for large initial squeezing r 1 . Since X represents the excitation energy of the first oscillator, inequality (6) is a requirement on the initial available energy of the hot oscillator.
For these two cases we address the entanglement generated during the heating stroke between the first and second oscillator. This is the largest entanglement created during the process since the following strokes deteriorate or destroy it. For Gaussian states it is convenient to use the logarithmic negativity as a measure of entanglement [42] . For two oscillators i and j, this is defined as E ij = max(0, − log |2ν ij |) where ν ij is the smallest symplectic eigenvalue of the partially transposed covariance matrix: σ Tj = P σ ij P , where σ ij is the restriction of the full covariance matrix to the oscillators i and j and P = diag(1, 1, 1, −1). Notice that entanglement is nonzero only if ν ij < 1/2.
When the oscillators are initially prepared in thermal states we obtain:
(1 + A)ω 1 ω 3 c 
with A = 2 (α 12 τ H ) 2 . If we consider T 3 = 0 such that c 3 → 1, the condition for entanglement generation p-3 3 )/(2ω 1 ω 3 ) which happens for low enough temperatures. However, due to Eq. (6), there is no work produced. Thus for initial thermal states, work extraction and entanglement are incompatible. As we will see later, however, other forms of quantum correlations might arise in the process.
If the first oscillator is instead in an initial squeezed state the symplectic eigenvalue ν 12 takes the form:
where Φ = ω 1 − e 2(r1+r3) ω 3 . For quasi-static compression/expansion, using the asymptotic formulae presented in the Supplementary Material, we find that work is always extracted after the first cycle:
if we have c 1 > c 3 , when the oscillators are initially prepared in thermal states. For oscillators prepared in initially squeezed states, the expression for work extraction after the first cycle is given by:
which is negative for r 1 > r 3 .
The symplectic eigenvalue between the first and second oscillator for the quasi-static case is given by, for thermal states,
(11) Taking T 3 = 0, for which we would expect a higher value of entanglement between the first and second oscillators, the limit of this function is strictly greater than 1/2, so no entanglement is generated.
For initially squeezed states the expression for the lowest symplectic eigenvalue is too lengthy to report here. However, preparing the second and third oscillator with zero initial squeezing, entanglement generation is guaranteed between the first and second oscillator: ν 12 = 1 2 − α 12 τ H sinh r 1 for non-zero r 1 . To summarise, to get entanglement created in the initial heating stroke it is sufficient, but not necessary, to prepare the first oscillator in a squeezed state.
In all the cases discussed under the weak coupling approximation, we find that Q 2 = 0 and thus, if W < 0 , η = 1. However it is important to stress that since these analytical calculations refer to a single cycle, the work extracted to ergotropy ratio is very small. In the following we discuss our numerical results in a more general scenario.
Many cycles. -To fully characterise the performance of the engine over many cycles we use numerical optimisation to enhance work extraction in our machine. We set β 1 = 10
1 , β 2,3 → ∞ and ω 1 = 1. For values of 0 < ω 3 < ω 1 , the variables to be optimised are the coupling values α ij and corresponding coupling times τ H,C as well as the compression/expansion time τ comp . To this end, we employ the built-in Mathematica function NMinimize [43] . To avoid large interaction times and large coupling values, which would result in a short-lived engine, each parameter was restricted to a finite interval: 10
For ω 3 = 0.1ω 1 , the result of the optimisation is shown in Fig. 2(a) where the total work extracted to ergotropy ratio is shown. The machine extracts work until the 70th cycle and then reverses itself absorbing work and dumping heat into the first oscillator, returning almost completely to its initial state. At the end of the 70th cycle the total work extracted from the engine is W T −89.5ω 1 , approximately 91% of the ergotropy of the initial state. It should be noted that the parameters reported in the caption of Fig. 2 are not unique and other sets of parameters can provide a similar amount of work extraction.
Due to the small value of α 23 we find that the heat exchanged to the third oscillator is negligible: Q 2 ∼ 0, thus the thermal efficiency of the machine is practically 1. For an optimised engine such as the one presented here, Q 2 will always be small as most of the energy will be extracted during the expansion stroke of the cycle. This feature is specific to an optimised engine: there exist other sets of parameters, leading to a functioning engine, albeit with a smaller value of extracted work, that have larger values of α 23 giving Q 2 small but non-zero. It is interesting that we obtain the same result for the total work extracted, within our working precision, by eliminating the third oscillator altogether. This is a consequence of the non-cyclic nature of the engine.
The choice of preparing the first and second oscillators in their vacuum states is not accidental, we found this case allows for the highest work to ergotropy ratio. However non-zero initial values of T 2,3 also allows for the extraction of work. In fact, we found that for T 2 = T 3 > 0, and disallowing instances where the second oscillator can "ignore" the third with small coupling values and/or times (such as the case presented above) optimal work extraction decreases linearly with T 3 . Setting T 3 = 0 and T 2 > 0 we found that maximum work extraction is identical to that presented above: W T −89.5ω 1 . However, the work to ergotropy ratio is lower.
As shown in the previous section entanglement between initially thermal states is not present in a regime where work can be extracted, and so we evaluate the nonclassicality of this process via the Gaussian quantum discord [44] [45] [46] [47] [48] [49] . We provide a brief, mathematical definition of Gaussian quantum discord in the Supplementary Material. Figure 2(b) shows the discord dynamics between the first and second oscillator as a function of time. It is symmetric about the point of reversal for the engine and is the only non-classical correlation present in the engine with D 23 , D 13 = 0. Detailed information on the internal energies of the three oscillators performing many cycles can be found in the Supplementary Material. Figure 3 shows optimised work extraction for changing values of ω 3 . The maximum amount of extractable work, as a proportion of the ergotropy of the initial state, decreases linearly with increasing ω 3 , until it disappears for ω 3 ∼ ω 1 . While work extraction is possible for any value of ω 3 < ω 1 , clearly our machine operates better in the regime ω 3 ω 1 .
Quantum correlations. -The optimised case presented above provides an insight on the performance of the engine for maximum work production. While this is arguably the most important aspect of any machine, it is unclear on what connection, if any, exists between work extraction and non-classical correlations in the system. In order to investigate any link between thermodynamic quantities (work, efficiency) and non-classical correlations (entanglement, discord) we simulate the engine working with random parameters.
We consider two cases: initially thermal states and initially squeezed states. We fix the frequency of the first oscillator (ω 1 = 1) and the initial temperatures (squeezing parameters) for thermal (squeezed) states. The variables to be randomized are ω 3 , the coupling strengths α ij and times τ H,C and τ comp . The engine is prepared with these random variables and performs Otto cycles until the criteria W < 0 is no longer satisfied. This process is repeated ten thousand times. For thermal states, we have chosen variables β 1 = 10 −2 ω −1 1 and β 2,3 → ∞. For squeezed states, we fix r 2,3 = 0 and r 1 = 1/2 arccosh coth(β 1 ω 1 /2) so the initial energy of the first oscillator is equal in both cases.
For initial thermal states, there is no significant generation of entanglement and we assess the amount of quantum correlations between any two oscillators using quantum discord. For initial squeezed states, instead we show entanglement measured by the logarithmic negativity defined above.
For thermal states, Fig. 4(a-b-c) show the scatter plots of the maximum discord generated between any two oscillators at the end of a cycle and the total work produced with a given set of parameters. The discord D 12 between the first two oscillators show a clear pattern: high values of work are necessarily accompanied by large quantum discord. In order to produce work, there must be a coherent energy transfer between the first and second oscillator that can only happen if the two oscillators become correlated. This is also reminiscent of synchronisation phenomena in coupled harmonic oscillators (see for example [50] [51] [52] [53] [54] ). In contrast, the quantum discords of the other pairs of oscillators do not show such a connection, and large values of work are not necessarily followed by large values of discord. Notice also that the discord D 13 created between the first and third oscillator is mediated through the central oscillator.
For initial squeezed states, the results for the maximum negativity created are shown in Fig. 4 (d-e-f). As in the case of initial thermal states, a strong entanglement between the first two oscillators is necessary for extracting work. There also seems to be a maximum value of entanglement that can be created connected to the initial amount of squeezing of the first oscillator. Entanglement between the second and third oscillator and between the first and third oscillator tends to be low and correlated to small values of total work. This suggests a minimal involvement of the third oscillator in the work extraction.
Implementation. -Our self-contained engine can be implemented in any experiment with controlled quantum harmonic oscillators. Two platforms fit especially well our proposal: trapped ions and integrated optical circuits. With trapped ions, the role of each oscillator is played by the ion displacement from equilibrium. The trapping frequency and the ions distance, determining their interactions, can be accurately controlled [55] . Thanks to the advance in state engineering, it is possible to prepare the ions in thermal and squeezed states [56] .
Integrated optical circuits are another interesting candidate. The time evolution of a quantum oscillator can p-5 be mapped to the propagation of an electromagnetic field in a single mode nanofibre. Preparation of thermal and squeezed states has been well mastered in quantum optics [57, 58] . The circuit proposal in Fig. 1(b) allows optical states to undergo frequency shifting and coupling via evanescent fields which realise H ij [59] . The main difficulty with this system is to shift the frequency of the oscillators. For frequency shifting based on acoustic-optic effect only a modulation of a few percent can be reached with high efficiency [60] . Frequency conversion is an active field of research and new methods based on doped fibres have been recently developed, allowing for a larger frequency modulation but still with smaller efficiency [61] [62] [63] .
Conclusions. -In this work we have designed the simplest quantum engine made of three quantum harmonic oscillators and performing the Otto cycle. This machine does not require the use of external infinite thermal reservoirs but it operates thanks to an initial nonpassive state. As such it can be integrated in a larger quantum machine that needs mechanical work in a very localised region of space. Since its resources are finite so is its lifetime. However we have shown that the optimised engine works for about 70 cycles before stopping, extracting approximately 91% of the available energy. Our investigation confirms the common belief, although not conclusively proven, that quantum correlations enhance work extraction as evidenced numerically in our Fig. 4 .
Our research opens a new avenue in the study of quantum thermodynamic devices with finite reservoirs. Extending the lifetime of the engine could be achieved by coupling more oscillators onto the first and third oscillators, thus increasing the size of the energy reservoirs [64] . It has also been shown that systems coupled to a finite reservoir can mimic the action of a system connected to an infinite reservoir [65] . Finally, it would be interesting to extend a program such as the one we presented here to spin systems and many-body lattice systems. * * *
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Supplementary Material
Evolution operators for the various strokes. -In this section we find analytically the evolution operators needed to evolve the covariance matrix in time. To this end we need to solve the Lyapunov equationσ(t) = Aσ(t) + σ(t)A T . For a time independent Hamiltonian, i.e. the matrix A is constant, the solution is simply: 
and we obtain:
cos α 12 t cos ω 1 t − sin α 12 t sin ω 1 t 0 1/ω 1 cos α 12 t sin ω 1 t 1/ω 1 sin α 12 t cos ω 1 t 0 − sin α 12 t sin ω 1 t cos α 12 t cos ω 1 t 0 1/ω 1 sin α 12 t cos ω 1 t 1/ω 1 cos α 12 t sin ω 1 t 0 0 0 cos ω 3 t 0 0 1/ω 3 sin ω 3 t −ω 1 cos α 12 t sin ω 1 t −ω 1 sin α 12 t cos ω 1 t 0 cos α 12 t cos ω 1 t − sin α 12 t sin ω 1 t 0 −ω 1 sin α 12 t cos ω 1 t −ω 1 cos α 12 t sin ω 1 t 0 − sin α 12 t sin ω 1 t cos α 12 t cos ω 1 t 0 0 0 −ω 3 sin ω 3 t 0 0 cos ω 3 t
A similar expression for A and exp At is obtained as well when α 23 = 0, α 12 = 0 and ω 2 = ω 3 . Now let us consider the compression/expansion strokes. In this case the oscillators are uncoupled and the second oscillator is subject to a time-dependent frequency. The reordered Hamiltonian matrix is:
where 0 3 and 1 3 are the 3 × 3 zero and identity matrices, respectively, while ω 2 (t) = diag(ω 
and a = diag(cos ω 1 t, y(t), cos ω 3 t)
b = diag(1/ω 1 sin ω 1 t, x(t), 1/ω 3 sin ω 3 t)
c =ȧ (19) d =ḃ (20) The functions x(t) and y(t) fulfil the equations:
x(t) = −ω 
In our calculations we specialise to two extreme cases, one in the limit τ → 0 in which case we simply have U = 1 6 and the other for very slow ramp: τ max(ω 
Equation (27) can be interpreted as the evolution operator for the free evolution of oscillators 1 and 3 with their respective frequencies for a time τ times a squeezing operator dependent on the ratio ω in /ω fin combined with a phase space rotation with angle φ.
Definition of Gaussian discord. -In this section we will give a brief mathematical definition of Gaussian discord [44] [45] [46] [47] [48] . For convenience, we use a different ordered basis from the main text,R = (x 1 , p 1 , x 2 , p 2 ), and recall that the elements of a covariance matrix of two oscillators are defined as σ αβ = 1/2 R αRβ +R αRβ − R α R β . For a bipartite covariance matrix in this basis,
where A, B and C are 2 × 2 matrices, the matrix A (B) relates only to the mean values in subsystem 1 (2) and the matrix C relates to correlations in these mean values. The Gaussian quantum discord of this state can then written as
where we have
λ =I 1 + I 2 + 2I 3
for I 1 = det(A), I 2 = det(B), I 3 = det(C) and I 4 = det(σ). The quantity E min is given by the following formula: Internal energy and quantum correlations for the optimised many-cycle engine. -In this section, we present the internal energy dynamics of each oscillator for the optimised many cycle case presented in the main text. We also analyse the discord dynamics between each of the oscillators. The parameters used are ω 3 = 0.1ω 1 , τ comp = 85ω Figure 5 shows the internal energy dynamics E i = H i for each oscillator plotted against time in units of the Otto cycle time τ = τ H + τ C + 2τ comp . The system performs 70 Otto cycles satisfying W < 0 and the plots also show the subsequent Otto cycles where the engine reverses. At the end of the 140th Otto cycle each oscillator has almost returned to its initial state. As the coupling strength between the second and third oscillator is extremely weak, the internal energy of the third oscillator does not change. The efficiency of this process is unity, as Q 2 = 0.
The number of cycles shown in Fig. 5 makes the fine details of the dynamics difficult to parse. Figure 6 shows a closer view of the internal energies of the first and second oscillators from the 40th to the 44th stroke. The internal energy of the first oscillator is shown in Fig. 6(a) . As it is only interacting with the second oscillator during the heating stroke its energy is constant for most of the cycle. Due to the disparity of the time scales of the compression, expansion stages and the heating, cooling stages the latter appear instantaneous on this scale. In Fig. 6 (b) the internal energy of the second oscillator is shown. The large slopes of each arch correspond to the energy increase and decrease caused by the compression and expansion stages. The small peak at the top of each arch corresponds to the heating stroke, where the height of each peak corresponds directly to the height of each energy reduction in panel 6(a). 
